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Abstract—The flow through a curved tube whose radius
curvature varies with time was studied in order to better
derstand flow patterns in coronary arteries. A computatio
flow model was constructed using commercially available s
ware. The artery model featured a uniform circular cross s
tion, and the curvature was assumed to be constant along
tube, and in one plane. The computational model was veri
with the use of a dynamically similarin vitro apparatus. A
steady uniform velocity was prescribed at the entrance a
Reynolds number of 300. Two sets of results were obtain
one in which the curvature was held constant at the me
maximum and minimum radii of curvature~quasistatic!, and
another in which the curvature was varied sinusoidally in ti
at a frequency of 1 Hz~dynamic!. The results of the dynamic
analysis showed that the wall shear rates varied as muc
52% of the static mean wall shear rate within a region of
tube diameters from the inlet. The results of the dynamic an
sis were within 6% of the quasistatic predictions. Realis
modeling of the deforming geometry is important in determ
ing which locations in the coronary arteries are subjected
low and oscillating wall shear stresses, flow patterns that h
been associated with atherogenesis. ©1998 Biomedical Engi-
neering Society.@S0090-6964~98!00306-3#

Keywords—Hemodynamics, Myocardial contraction, Wa
shear stress.

INTRODUCTION

Statistics show that atherosclerosis is the lead
cause of death in western countries. Various factors s
as high blood pressure, high blood cholesterol lev
cigarette smoking, diabetes, obesity, family history an
sedentary lifestyle are indicative of an individual’s ris
of developing atherosclerosis.1 However, none of these
factors can explain why the disease develops only
certain arteries because their effects are felt through
the cardiovascular system. The vessels most comm
affected are the abdominal aorta, femoral, carotid, a
coronary arteries.

Address correspondence to Dr. James E. Moore, Jr., Florida In
national University, Mechanical Engineering Department, Miami,
33199. Electronic mail: James@eng.fiu.edu
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The highly localized nature of atherosclerosis has
to the hypothesis that mechanical factors, such as bl
flow patterns, may be involved in its formation. Muc
research has been devoted to identify more specific
the mechanical conditions that lead to atherosclero
formation. In particular, low mean and oscillating flu
wall shear stresses have been shown to correlate
specific locations of intimal thickening in the carot
artery14 and in the abdominal aorta.20

An important site of atherosclerosis formation is t
coronary arteries. If coronary atherosclerosis progres
to the point where the flow to the distal heart tissue
limited, a myocardial infarction often results. Approx
mately 66% of all atherosclerosis-related medical a
loss of productivity costs are attributed to the formati
of the disease in the coronary arteries.1

Despite their obvious importance, comparatively le
is known about the details of flow in the coronary arte
ies than in the carotid artery and the aorta. Batten a
Nerem3 measured velocity profiles in a representati
static curved bifurcation model of the left main corona
artery and found that the velocity profiles were skew
toward the inner wall of curvature and toward the inn
walls of the bifurcation. Sabbahet al.27 constructed a
static flow model based on a cast of a postmortem p
cine specimen. Their flow visualization results indicat
helical flow patterns that arose due to the secondary fl
for both steady and pulsatile flow. Market al.19 demon-
strated the importance of taking pulsatility into accou
when modeling coronary flow. Their model, based on
cast of a human coronary artery, was later used to ob
wall shear stress measurements which were correl
with intimal thickness data.9 A negative correlation was
noted between intimal thickness and both mean a
maximum shear stress. Tanget al.32 constructed a curved
bifurcation model of the left main coronary artery bas
on average measurements of human casts. They n
that the velocity profile was skewed toward the ou
wall of curvature, and toward the inner walls of th
bifurcation. A three-dimensional~3D! pulsatile, compu-
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945Time-varying Curvature in the Coronary Arteries
tational analysis of a static model of a coronary arte
branch showed that the degree of wall shear stress o
lation was generally smaller than that found in the c
rotid and abdominal aorta.13 Additionally, the branch
angle of the bifurcation~the angle between the left an
terior descending and left circumflex arteries! was given
values of 0°, 48° and 90°. The velocity profiles in th
left anterior descending and left circumflex arteries w
skewed toward the inner walls of the bifurcation rega
less of the bifurcation angle, and the degree of skewn
was not greatly affected by the bifurcation angle.

All of these studies indicate that the spatial variati
in wall shear stress in the coronary arteries is predo
nantly determined by the vessel geometry. The coron
arteries are curved as they traverse around the myo
dium, with additional, varying degrees of curvature
the plane of the myocardial surface. The diameter of
left main coronary artery is approximately 4 mm,9,25 with
the left anterior descending and circumflex arteries
hibiting diameters of approximately 3 mm.13 The curva-
ture ratio ~d5vessel radius/radius of curvature5a/R) in
the left coronary artery tree varies greatly depending
the particular location, but usually lies in the range
0.02–0.5.11,13,18,25An additional implication of the cur-
vature associated with the coronary arteries is that t
geometry varies dynamically due to the contraction
the myocardium. The total displacement of the coron
arteries can be separated into a solid-bodylike movem
and a deformation. Mooreet al.21 showed that the move
ment in an obtuse marginal branch of the left circumfl
coronary artery is as much as five times the vessel
ameter. The deformation that is relevant to the pres
study is the change in curvature. The change in curva
may be expressed by a deformation parameter«, defined
as the ratio

«5
DR

Rmean
, ~1!

where DR is the amplitude of the change in radius
curvature andRmean is the mean radius of curvature. Pa
et al.23 measured that radius of curvature of the left a
terior descending coronary artery at the first diago
branch over a full cardiac cycle. TakingRmean as the
average of the maximum and minimum values, their
sults show«50.8. Grosset al.11 made similar measure
ments in the left anterior descending artery appro
mately 3 cm distal to the third diagonal, and found«
50.7. Smaller values of« were noted in other anatomi
locations. Unfortunately, the effects of dynamic phy
ologic movement and deformation due to the contract
of the heart on coronary artery blood flow have n
received much attention in the literature. Studies ha
been published on the effects of axial21 and lateral7
l-

s

-

t

t

movement on flow in the coronary arteries, but the v
sels were assumed to remain straight during the mo
ment.

The effects of curvature on flow in circular tubes ha
been the topic of many studies, as summarized
Pedley24 and in Bergeret al.4 The characterizing param
eters for flow in a curved tube are the mean curvat
ratio (dm5tube radius/mean radius of curvatu
5a/Rmean) and the Dean number~k!. The Dean number
is a ratio of the product of inertia and centrifugal forc
to the viscous forces, and may be defined asdm

1/2 Re,
where Re is the Reynolds number based on the ave
velocity and the tube diameter. There are other defi
tions of k found in the literature, most notably those th
involve the pressure gradient rather than the aver
velocity.24 In this study, the Reynolds number is he
constant, while different values ofdm are investigated.
Therefore,dm and the Reynolds number will be used f
reference purposes rather than the Dean number. Bec
of the centrifugal effects the flow in a curve tube w
skew toward the outer wall. The inner wall is therefore
location of relatively low wall shear stress, and in som
arteries, a common location of intimal thickening.

The coronary arteries represent a unique curved t
flow situation because their curvature varies with tim
In most previous studies of flow in the coronary arter
~e.g., Refs. 13, 25, and 32!, the curvature was assume
to be constant. It has not yet been determined if phy
ologic changes in curvature are important in determin
wall shear stress patterns in the coronary arteries
preliminary in vitro study analyzed the effects of dy
namic curvature changes.29 In that study, a flexible
curved tube was placed in a moving carriage assem
and the radius of curvature was changed sinusoidally
time and held constant in space. The curvature was
planar, and the cross sectional area of the tube
maintained constant. A steady pressure gradient an
fully developed inlet velocity profile were prescribe
The Reynolds number was Re5540, and the Womersley
parameter of the deformation wasa59. In this case, the
Womersley parameter is defined by

a5aAv

n
, ~2!

wherev is the angular frequency of the deformation a
n is the fluid kinematic viscosity. The mean curvatu
ratio wasdm50.035 and the two deformation paramete
employed were«50.07 and«50.15. Pulsed Doppler ul-
trasound was used to measure the velocity profile.
expected from static curved tube models, the veloc
profile was skewed toward the outer wall. The change
the maximum velocity was as much as 13% of the a
erage flow velocity, and there was a shift in the locati



-
n-
-
ity
ini-
y,
re
the
mic

re
,
ase

all
r o
va-

as

the
nce

er-
Th
icte
int
lts
all
and

ar-
ng
ely
e
og-
ion
ad-

om
nt
th

he
ty
he
is
th-

e o
u-
z.

this
ed

ay

to
es

at-
u-
d
ex
tal
er-

ve
ll

tes

on

ned

ver
to
of
in
cifi-
d
di-
al-
ee
e
m-
an

ity

ew-
rea-
by

be

va-
that
lf

on
as

e

.3

es

946 SANTAMARINA et al.
of the point of maximum velocity. This maximum varia
tion occurred when the radius of curvature was in tra
sition from the minimum to its maximum value. Con
versely, there was only a 3% difference in the veloc
profiles measured in a stationary tube held at the m
mum and the maximum radii of curvature. That stud
although limited in the values employed for curvatu
ratio and deformation parameter, clearly showed that
velocity profile depends on the instantaneous dyna
vessel movement.

The governing flow equations for a bending tube we
derived by Lynchet al.18 They included an approximate
perturbation-type solution to these equations for the c
when the curvature in a weakly curved tube~small dm)
is varying slightly ~small «! at a low frequency~small
a!. The effects of time-dependent curvature on the w
shear stress amplitude were found to be on the orde
1023 compared to the effects of the presence of cur
ture itself. The change in mean wall shear stress w
predicted to be on the order of 1027. Their solution
predicted a higher mean axial wall shear stress at
inner and outer walls of curvature due to the appeara
of a steady streaming term. At the midwall~halfway
between the inner and outer walls along the circumf
ence!, the mean shear was predicted to decrease.
dynamic effects on the mean shear stress were pred
to follow the square of the arc length away from a po
in the tube that remains fixed. Although their resu
showed dynamic effects on the mean azimuthal w
shear stress, this term vanished at the inner, mid
outer walls.

Another recent study measured dynamic coronary
tery flexion angiographically, and tracked the narrowi
of the coronary arteries over a period of approximat
two years.31 Although the focus of that study was on th
mechanical stresses within the arterial walls, the angi
raphy data showed a statistically significant correlat
between higher degrees of cyclic flexion and plaque
vancement. The mean flexion angle~defined by the
change in the slope of the tangent to the vessel fr
systole to diastole! at stenoses that showed significa
advancement was 19°, as opposed to 9° for stenoses
showed no advancement.

The goal of this study is to begin to analyze t
effects of physiologic time-varying curvature on veloci
profiles and wall shear rates in a simplified model of t
coronary arteries. The primary purpose of this article
to present the development of the computational me
odology, including verification by anin vitro flow appa-
ratus, and present results when the radius of curvatur
a simplified coronary artery model is varied with a sin
soidal wave form at a base cardiac frequency of 1 H
Although the parameters used in the construction of
model are physiologic, the geometry has been simplifi
f

e
d

at

f

so that a basic understanding of the fluid mechanics m
be obtained.

METHODS

Computational Model

This study employed computational techniques
solve the full three-dimensional, unsteady Navier-Stok
equations for blood flow through a curved tube simul
ing a typical section of the coronary artery tree. Comp
tational fluid dynamics~CFD! techniques have emerge
as a powerful tool to study hemodynamics in compl
physiologic geometries. Compared with experimen
methods, CFD can more easily accommodate us
defined variations in arterial anatomy and flow wa
form. The computational solutions yield velocities at a
points within the artery and can provide wall shear ra
~WSRs! with high accuracy at all surfaces.

The model geometry used for this study was based
the second model described by Tanget al.,32 as well as
data compiled from several other sources as mentio
in the Introduction.9,11–13,18,21–23,25The curvature in this
model was assumed to be uniplanar and constant o
the entire length of the tube at any instant. The entry
the tube was kept fixed at all times, thus the location
the center of curvature varied with time. The variation
curvature was specified as a sinusoidal function, spe
cally, R(t)5Rmean@11« cos(vt)#. The tube was assume
to maintain a circular cross section with a constant
ameter. Nine different simulations were run. Three v
ues of dm were employed, 0.03, 0.08 and 0.12. Thr
different values of« were used, 0.1, 0.3 and 0.5. Th
Reynolds number was 300, and the Womersley para
eter of the deformation was 1.88 for all cases. The De
numbers for each of the casesdm50.03, 0.08 and 0.12
were 52, 85 and 104, respectively. The inlet veloc
profile was flat ~plug flow! and steady. The fluid was
assumed to be incompressible, homogeneous, and N
tonian. These assumptions have been shown to be
sonable for general arterial hemodynamics studies
several previous investigators~e.g., Refs. 10 and 26!.

The boundary conditions included no slip at the tu
wall ~fluid velocity at the tube wall5tube wall velocity!
and symmetry about the diameter located in the cur
ture plane. The symmetry assumption was used so
the flow field would have to be solved in only one-ha
of the tube cross section~Fig. 1!. A constant pressure
condition was applied at the outlet. In the interpretati
of the results, the portion of the tube near the exit w
not included. For thedm50.03 simulations, the total tub
length was 32 tube diameters~TDs!, but only the results
from the first 25 TDs are shown. For thedm50.08 simu-
lations, the first 15 TDs of a total tube length of 19
TDs are shown, and fordm50.12, the first 10 TDs of a
total tube length of 12.3 TDs are shown. Shorter tub
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947Time-varying Curvature in the Coronary Arteries
were used for higherdm because the tube would hav
closed on itself at the entry if the tube were long
There are two reasons for not showing the data near
end of the tubes. First, no one segment of the coron
vasculature retains its uniplanar curvature for a very lo
length due to the continual presence of branches
changes in curvature. No results beyond 10 TDs sho
be considered as directly relevant to flow in the coron
arteries, although more results are shown here for re
ence purposes. A second reason was to minimize
effects of the constant pressure condition at the exit
the proximal flow patterns. These effects were limited
within approximately 1 TD of the exit, based on visu
inspection of the shear rate data.

The code used for this study was based on a fin
volume method. The flow domain was discretized us
a body fitted, structured grid. The computational flu
dynamics software used wasCDF-ACE ~CFD Research
Corp., Huntsville, AL!. Computational flow simulations
of this type are based on the division of the flow doma
into small ~finite! volumes. Finite volume techniques e
force mass and momentum conservation through the
tegration of the governing flow equations over a giv
finite volume. The equations from all of the volumes
a flow field are then linearized and combined to produ
algebraic relationships that are solved numerically. F
these simulations, the grid was required to move acco
ing to the prescribed deformation parameter«. An arbi-
trary Lagrangian-Eulerian approach was used to imp
ment the grid movement into the solution code. In th
approach, a space conservation law was introduced
was de-coupled from the flow governing equations d

FIGURE 1. Cross sectional and longitudinal views of the
computational mesh used in the computational calculations.
The entrance was kept fixed during the deformation of the
tube.
-

-

t

to the prescribed deformation. This methodology h
been validated for other moving grid problems usi
CFD-ACE.15,16 The flow calculations were performed on
Silicon Graphics Power Challenge computer server
cated at the Florida International University Engineeri
Information Center. A typical run time for one flow cas
was two weeks per cycle of full time use of a sing
processor. The results were transferred back to a Sili
Graphics Indy Workstation for postprocessing and vie
ing.

A typical finite volume mesh is illustrated in Fig. 1
In the cross section, near the tube wall, there is a fi
clustering of cells to achieve sufficient resolution to a
curately compute the wall shear rate. A total of 461 ce
was used in the cross section. Along the length of
tube, the number of cells depended ondm and «. How-
ever, the largest cell dimension in the axial direction w
0.66 TD. The simulated cardiac cycle was divided in
1000 time steps. In order to verify that a solution w
grid and time step independent, the grid size w
doubled until the WSR results were within 3% of th
previous solution. Similarly, the time step was decrea
by a factor of 2 until the WSR results were within 3%
the previous solution. These are highly selective thre
olds for grid and time step insensitivity because they
based on the first spatial derivative of a flow quanti
rather than on a flow quantity itself. These tests we
conducted at an axial position of 8 TDs where the flo
would have been fully developed in a static tube,2 and at
t50.4, for dm50.08 and«50.5. The process for the
mesh generation was divided into two steps: the gen
tion of the mesh itself and the deformation of the me
The first step was accomplished using the tools availa
in the pre-processing software,CFD-GEOM. The second
step was accomplished by writing a customized subr
tine that was linked with the solver.28 This subroutine
took sufficient information fromCFD-ACE regarding each
node ~initial position, time, time step! and returned the
new position based on the radius of curvature functi
Each simulation was begun with the tube at the ma
mum radius of curvature, and with fluid velocities from
static simulation of the tube at the maximum radius
curvature. Periodicity was confirmed by allowing th
simulation to run for more than two cycles and comp
ing the velocities from successive cycles. The differen
were less than 1% after one cycle.

Two sets of simulations were run. The first was
quasistatic analysis in which the curvature was held c
stant at the mean, maximum and minimum radii of cu
vature. These simulations were run in order to ascer
the differences in the flow field that result from just th
fact that the geometry changes. In the second se
simulations, the curvature was varied dynamically as
scribed above. The comparison of the two sets of sim
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948 SANTAMARINA et al.
lations should reveal the importance of the fact that
curvature is varying dynamically.

The results were displayed as axial velocity profile
velocity vectors and wall shear rates for interpretatio
The wall shear rate in this case expresses contribut
from all components of the shear rate tensor. Howev
the axial wall shear rate is expected to dominate over
azimuthal contribution along most of the wall. At th
inner and outer walls, the azimuthal component of w
shear rate is zero by symmetry.

The interpretation of the results was aided by defin
a normalized wall shear rate amplitude~NWSRA!. The
amplitude in wall shear rate for the dynamic case w
expressed as the difference between the maximum
minimum wall shear rate values at each axial positi
For the quasistatic case, the amplitude was taken to
the difference between the wall shear rates at the s
maximum and minimum radii of curvature. These valu
were then normalized with respect to the static WSR
the mean radius of curvature at each axial position
obtain the NWSRA~Fig. 5!.

Experimental Verification

The computational model was verified by constructi
an in vitro experimental flow apparatus. A specific ca
with geometrical and flow parameters that could be p
duced experimentally was simulated with the compu
tional model. Using the same grid employed for all cas
described in the computational section, the results w
compared with the experimental data. The geometr
parameters used in the experiment~and duplicated in a
separate computational simulation! were dm50.043,
«50.26, Re5300, anda54.2. A long straight section
~30 cm or 23 tube diameters! of nonmoving tubing pre-
ceded the curved tube, producing fully developed~Poi-
seuille! flow conditions at the entry. A fully develope
entry condition was used because a flat entry pro
would have been very difficult to produce reliably at t
entrance to a moving tube~with all of its associated
hardware!. An additional computational simulation wit
a fully developed entry profile was run to correspond
closely as possible to the experimental case.

The curved section of the tube consisted of a 1.27
inside diameter platinum-cured silicone rubber tube, s
rounded by a spiral vacuum hose to prevent distortion
the silicone tube’s cross section during deformation. T
deformation was produced by a motor coupled throug
crank-piston linkage to a carriage that slides on t
hardened-steel rails~Fig. 2!. The crank-piston linkage
converts rotational motion to linear motion in a ne
sinusoidal wave form.28 The resulting wave form was
input to the computational model in order to match t
motion. The tube was clamped to a bar suspended f
the moving carriage. The direction of motion of the b
s

d
was such that the inlet to the curved section remain
fixed. The working fluid was a water-glycerin solution o
65% glycerin by volume with a kinematic viscosity o
0.12 cm2/s. One gram of cornstarch per liter of fluid wa
added for ultrasonic signal reflection.

An Ismatec standard drive pump~Ismatec S.A., Zur-
ich, Switzerland! provided a stable, steady flow rate. Th
volume flow rate was measured using a Transonic S
tems transit time ultrasonic flowmeter~Transonic Sys-
tems Inc., Ithaca, NY! that was calibrated using a gradu
ated cylinder and a stopwatch. The velocity profil
along the diameter connecting the inner and outer w
of curvature were measured at locations approximatel
8, 12 and 16 tube diameters from the inlet to the curv
tube section using pulsed Doppler ultrasound~Fig. 2!. A
DOP1000 high resolution pulsed Doppler ultrasound
locimeter ~Signal Processing S.A., Lausanne, Switz
land! was used to measure the fluid velocities, with
emitted frequency of 4 MHz. The sample volume si
was 3.6 mm~window of 2 ms and assuming a speed
sound of 1820 m/s!. In order to facilitate the comparison
the computationally calculated velocities were projec
to the probe axis. Thus, the velocities shown in Fig.
are not purely in the axial direction. The experimen
data were acquired for 20 simulated cardiac cycles, e
triggered by the movement of the tube, and ensem
averaged. The standard deviations of the 20 sample
each location are given in Fig. 9. An additional calibr
tion was performed by measuring the flow in the straig
tube entry section and multiplying the experimental v
ues by a constant correction factor to match the theor
cal parabolic profile.

RESULTS

A computational study of the flow patterns in
curved tube with dynamic varying curvature showed th
within the first 10 TDs from the entrance, the flow d
velopment is similar to a static curved tube with th
same mean curvature. The following is a physical d
scription of the instantaneous axial and cross sectio

FIGURE 2. Illustration of the experimental flow apparatus
used to confirm the computational results. The measurement
locations are marked.
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949Time-varying Curvature in the Coronary Arteries
flow patterns with a Reynolds number of 300~the only
value used in this study!, a mean curvature ofdm50.08
and a deformation parameter«50.5 at time pointst
50.25 andt50.75. The radius of curvature is equal
the mean value at both time points, decreasing at
50.25 and increasing att50.75. The flow patterns ob
served at other values ofdm and« were similar to those
described here. Near the inlet, the flow is dominated
the developing boundary layer with an inviscid cor
much like flow development in a straight pipe. At 1 T
from the inlet @Fig. 3~a!#, the axial velocity is slightly
skewed toward the inner wall, as was demonstrated
Singh30 for static curved tubes. Further downstream,
axial velocity is accelerated by boundary layer displa
ment, thus increasing centrifugal forces in the core. T
centrifugal effects become larger as the peak velo
increases, and begin to dominate over the effects
boundary layer growth, causing an outward skewing
the axial velocity@Fig. 3~b!#. Secondary flow in the cros
sectional plane in the form of two symmetric vortic
typical of curved tube flow was also observed, with flu
moving from the outer wall toward the inner wall alon

FIGURE 3. Axial velocity profiles, contour plots and second-
ary flow vector fields of the computational results at axial
positions �a� 1 TD from the inlet and �b� 13 TDs from the
inlet. The static �mean radius of curvature � and dynamic re-
sults are shown for time points t 50.25 and t 50.75. At these
time points, the instantaneous radius of curvature is equal to
the mean radius of curvature.
the tube wall, and back to the outer wall through the co
@Figs. 3~a! and 3~b!#. The inward/outward skewing of the
velocity profile is also apparent in the shear rate plots
these cases~Fig. 4!. At the outer wall, the WSR att
50.75 is slightly higher than the static value or the val
at t50.25. Between 0 and 10 TDs the maximum dev
tion from the static results is 1.8% at the outer wa
Beyond 10 TDs there is an increase in the WSR at
outer wall, with a maximum deviation from the stat
results of 4% at 17 TDs. This indicates that the ou
wall shear rate is greater when the radius of curvatur
decreasing. The dynamic wall shear rate at the inner w
was also greater than the static case at this time, but
differences at all axial positions were very small~less
than 2.5%!.

The effects of dynamic curvature variation on th
mean wall shear rate were revealed by comparing
time-averaged wall shear rate for the fully dynamic ca
to the wall shear rate in a static tube with a curvatu
ratio of dm . This provides an estimate of the error in th
mean shear rate that results from assuming a static
ometry. The mean wall shear rates at the inner and m
walls were always higher for the dynamic case. Fordm

50.12, «50.5, the inner wall mean shear rate was 6
higher at an axial position of 5.1 TDs~Fig. 5!. The mean
dynamic wall shear rate at the midwall for the same flo
situation was 6.7% higher than the static value at
TDs ~Table 1!. The differences were smaller for th
smaller values ofdm , and for smaller values of«. At the
outer wall, the mean wall shear rate for the dynamic c
was larger than the static value near the entry of
tube, then smaller for some portion, then again lar
further downstream~Table 1!. The differences at the
outer wall were smaller in magnitude than the diffe
ences at the inner or midwalls. In all cases and at

FIGURE 4. Wall shear rate vs normalized axial position at the
inner and outer walls for the static �mean radius of curva-
ture � and dynamic cases at the same two time points shown
in Fig. 3. For reference, the shear rate in an equivalent, fully
developed, straight tube flow would be 1067 s 21.
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950 SANTAMARINA et al.
locations, the maximum values occurred closer to
tube entrance for larger values of«. The differences in
the mean wall shear rate were 1.5% or less for the«50.1
cases.

Analysis of quasistatic and dynamic wall shear ra
over the entire simulated cardiac cycle revealed sign
cant shear rate amplitudes caused by changes in cu
ture. At the inner and midwall locations, the large
NWSRA seen along the tube axis increased with incre
ing dm , and were largest for«50.5. The following data

FIGURE 5. Wall shear rate vs axial position at the inner wall
for dm50.12 and «50.5. The mean wall shear rate in the
dynamic case for dm is the time-averaged wall shear rate,
and was higher than the shear rate at the static mean radius
of curvature. For reference, the shear rate in an equivalent,
fully developed, straight tube flow would be 1067 s 21. The
normalized wall shear rate amplitude is defined as the differ-
ence between the maximum and minimum dynamic shear
rates divided by the local shear rate at the static mean cur-
vature.

TABLE 1. Largest differences between the time-averaged
�mean � wall shear rate for the dynamic case �«50.5� and the
wall shear rate in a static tube with a curvature ratio of dm .
The axial positions where these differences occurred are
given in parentheses. A positive value indicates a higher
mean dynamic wall shear rate. At the outer wall, three local
maxima occurred. These numbers represent the error in
estimating the mean wall shear stress associated with

assuming a static geometry.

Inner wall Midwall Outer wall

dm50.03 1.5% (10.1 TD) 3.3% (6.9 TD) 2.4% (4.9 TD)
21.0% (12.1 TD)
0.12% (22.6 TD)

dm50.08 3.3% (6.3 TD) 5.2% (3.5 TD) 1.4% (3.7 TD)
21.5% (7.1 TD)
2.0% (13.5 TD)

dm50.12 6.0% (5.1 TD) 6.7% (2.8 TD) 1.2% (2.8 TD)
21.5% (5.7 TD)
2.3% (10.6 TD)
-

-

are for the «50.5 dynamic cases, while the large
NWSRA for the other cases are given in Table 2. In t
cases where the NWSRA diverged toward the end of
tube ~such as occurs fordm50.03, midwall; Fig. 6!, the
maximum value was taken to be the first local maximu
The largest variation in inner wall shear rate fordm

50.03 was NWSRA57%, occurring at an axial position
of 4.9 TDs ~Fig. 6!. For dm50.08, the largest NWSRA
at the inner wall was 19%, occurring at 7.6 TDs~Fig. 7!,
and for dm50.12, 37%, occurring at 6.1 TDs~Fig. 8!.
The greatest NWSRA were observed at the midwa
The largest NWSRA at the midwalls were 26% fo
dm50.03 ~Fig. 6!, 43% for dm50.08 ~Fig. 7!, and 52%
for dm50.12 ~Fig. 8!. The maximum values occurre
closer to the entrance for larger values ofdm . At the
outer wall, the NWSRA diminished with increasingdm,

TABLE 2. Maximum normalized wall shear rate amplitudes
�NWSRAs � for the dynamic cases. The axial positions at
which the maximum NWSRA occurred are given in parenthe-
ses. The maximum NWSRA increases with dm and « at the
inner and midwalls. At the outer wall, the NWSRA increases
with «, but decreases with dm . The NWSRA occurs further

upstream for larger values of «.

Inner wall Midwall Outer wall

dm50.03
«50.1 2% (5.0 TD) 5% (10.3 TD) 5% (7.0 TD)
«50.3 5% (4.8 TD) 15% (9.9 TD) 17% (4.7 TD)
«50.5 7% (4.9 TD) 28% (9.5 TD) 28% (6.2 TD)

dm50.08
«50.1 3% (8.1 TD) 7% (4.9 TD) 4% (4.7 TD)
«50.3 9% (7.9 TD) 23% (4.9 TD) 13% (4.6 TD)
«50.5 19% (7.6 TD) 44% (4.5 TD) 21% (4.3 TD)

dm50.12
«50.1 5% (6.6 TD) 9% (3.7 TD) 4% (3.7 TD)
«50.3 17% (6.4 TD) 28% (3.5 TD) 10% (3.8 TD)
«50.5 37% (6.1 TD) 52% (3.1 TD) 19% (3.4 TD)

FIGURE 6. NWSRA vs axial position for dm50.03 and «50.5
at the inner, mid and outer walls. The NWSRA is higher at
the mid and outer walls. The dynamic and quasistatic pre-
dictions were approximately the same within the first 10 TDs.
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951Time-varying Curvature in the Coronary Arteries
but still increased with«. The largest NWSRA were 28%
for dm50.03, 21% for dm50.08 and 19% fordm

50.12 ~Figs. 6–8 and Table 2!. As was the case at th
midwall, the maximum values occurred closer to t
entrance for larger values ofdm . Note that the outer wal
NWSRA is larger than the inner wall NWSRA fordm

50.03, but the opposite is true fordm50.08 anddm

50.12. There was less shear rate variation due to cu
ture change at the outer walls of the more tightly curv
tubes. In general, the maximum values occurred close
the entrance for larger values of«. The exception is the
inner wall, for the casedm50.03 and«50.1, where the
maximum values all occurred at approximately 5 TDs

A comparison of the dynamic shear rate amplitudes
the variations noted in the quasistatic analysis dem
strated that the addition of dynamically varying curvatu
did not have a large effect less than 10 TDs from
inlet. In all cases, the NWSRA predicted by the dynam
analysis was within 6% of the variation predicted qua

FIGURE 7. NWSRA vs axial position for dm50.08 and «50.5
at the inner, mid and outer walls. The NWSRA is higher at
the midwall. The dynamic and quasistatic predictions were
approximately the same within the first 10 TDs.

FIGURE 8. NWSRA vs axial position for dm50.12 and «50.5
at the inner, mid and outer walls. The NWSRA is higher at
the inner and midwalls. The highest NWSRA noted in this
study, 52%, was found at the midwall in this case. The dy-
namic and quasistatic predictions were approximately the
same within the first 10 TDs.
-

statically ~Figs. 6–8!. However, larger differences o
as much as 15% exist downstream~more than 10 diam-
eters from the entry! for the midwall at dm50.03 and
dm50.08 ~Figs. 6 and 7!.

A comparison of the experimentally measured velo
ity profiles corresponded well with the computation
predictions. At an axial position of 4 TDs,t50.28 @Fig.
9~a!#, the peak experimental velocities were appro
mately 11% higher than the computational values. T
peak velocities in both cases occurred at a normali
radial position of 10.38. Note also that the standa
deviations of the experimental measurements are hig
near the tube walls, in particular near the far tube w
~inner wall of curvature, radial position521!. This is
most likely due to echoes coming from the tube wal
At the same position andt50.73, the peak experimenta
velocity was 11% higher than the computational valu
with the peak velocities occurring at normalized rad
positions of10.38 for the experimental and10.36 for
the computational@Fig. 9~b!#. Further downstream, at 1
TDs, the peak experimental and computational velocit
differed by 4% att50.28, and occurred at normalize
radial positions of10.35 and10.45, respectively@Fig.
9~c!#. At the same position andt50.73, the peak experi
mental and computational velocities differed by 1%, a
both occurred at normalized radial positions of10.36

FIGURE 9. Comparison of the experimental and computa-
tional velocity profiles at �a� and �b� 4 TDs and �c� and �d� 16
TDs at two different time points in the simulated cardiac
cycle. The correlation coefficient that resulted from compar-
ing the experimental to the computational results at all po-
sitions and time points was 0.93.
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@Fig. 9~d!#. A statistical comparison between the expe
mentally measured data and computational results fo
positions and four time points revealed a correlation
efficient of 0.93.

DISCUSSION

The goal of this study was to gain an understand
of the relative importance of dynamic curvature chang
on the flow-induced shear stresses at the walls of co
nary arteries. No previous study completely addres
the effects of physiologic~large! curvature changes o
coronary artery flow patterns. This study analyzed
flow patterns in individual curved tubes with dynam
and quasistatic variations in curvature using compu
tional methods. The walls of the tubes were assumed
maintain a constant cross section, the prescribed fl
rate was steady, and the inlet velocity was assumed t
uniform. An experimental apparatus, employing ultr
sonic velocimetry to measure velocity profiles, aided
verifying the results of the computational model.

The overall behavior of flow entering a curved tu
with dynamically varying curvature was found to b
similar to that of a static curved tube. Initially, the v
locity profile was skewed toward the inner wall of cu
vature. Beyond 2 TDs, the velocity profile was skew
toward the outer wall, and secondary velocities we
established that resembled the vortices reported
Dean,5,6 among others. The experimental results co
firmed the overall nature of the computational pred
tions, with a correlation coefficient of 0.93. The fact th
the radial positions of the peak velocities correspond
well may be the best indicator of the agreement.
should be noted that there were several uncertain
associated with the experimental measurements.
most important uncertainties are associated with the
of Doppler ultrasound, and include noise, inaccuracies
determining the angle with respect to the tube axis, a
beam alignment in the symmetry plane. A brief analy
of this potential source of error revealed that an error
5° in the determination of the Doppler angle would res
in a 16% change in the peak velocity. This may ha
been the reason for the larger discrepancies at the 4
position. The presence of echoes near the far wall~the
inner wall of curvature! made the determination of th
wall location difficult. Thus, the experimental verifica
tion provides only a general indication of the validity
the computational results.

This study focused mainly on the effects of dynam
curvature variation on the wall shear rates since osc
tions in wall shear rate correlate well with sites of in
mal thickening in the carotid artery14 and abdominal
aorta.20 The effect of dynamic curvature change was
increase the mean wall shear rate by as much as 6
relative to the case where the curvature is constant
l

-

e

,

equal to the mean curvature of the dynamic case.
creases in the mean WSR were noted at the inner,
and outer walls. These results indicate that the use o
static geometry to predict the mean wall shear ra
should yield reasonably accurate results. The error wo
be similar to that associated with assuming rigid ves
walls and a Newtonian fluid behavior.10 The quasistatic
and dynamic cases were all run at the same conver
mesh density and time step. Therefore, differences s
between the quasisteady and dynamic cases were
related to the threshold for grid sensitivity. The diffe
ences between the two cases are truly due to the add
of dynamic motion.

The change in curvature also resulted in a variation
wall shear rate over the simulated cardiac cycle. T
variation, expressed as the NWSRA, was as much
52% of the wall shear rate in a static curved tube w
the same mean curvature as the dynamic case, with
highest NWSRA occurring at the midwall. These effec
may be compared to the effects of including a pulsa
pressure gradient, which is generally regarded as on
the most important factors in determining the flow fiel
Under normal resting conditions, the pulsatility of th
volume flow wave form creates a 100%–150% variati
in wall shear rate over the cardiac cycle.21 Thus, the
variation in curvature can create variations in wall she
rate over the cardiac cycle that are similar in magnitu
to the variations created by pulsatility. The relative e
fects of these two factors will also depend on the ph
angle between the pressure gradient and the curva
variation. Since phase angle differences in these fl
quantities have also been associated with atheroscle
development,17 these issues should be addressed in fut
research.

The finding that dynamic curvature variation increas
mean wall shear rate has important implications for p
dicting areas of the coronary vasculature that may
prone to atherosclerosis development. The inclusion
dynamic geometry may eliminate some areas that wo
be predicted as having a low mean shear stress b
static analysis. The degree to which these areas woul
eliminated would depend on the local curvature and
change in curvature. The effect on the shear rate am
tude might be to increase the degree of shear rate o
lation at the inner walls of curvature. The importance
these effects will also depend on the inclusion of high
frequency components in the geometry variation. In
der to accurately compare the wall shear rate distribut
to indicators of atherosclerosis development~such as in-
timal thickening!, it is necessary to fully model the dy
namic nature of the vessel geometry. This could be d
utilizing three-dimensional dynamic geometry data fro
biplanar angiograms.

Although the computational models used here w
up to 32 TDs in length, only the results within the fir
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953Time-varying Curvature in the Coronary Arteries
10 TDs should be considered as relevant to flow in
coronary arteries. As mentioned earlier, the coronary
teries typically branch every few TDs. The plane and
direction in curvature may also change within 10 TDs.
is also important to consider the amount of total mov
ment the tube undergoes. For the model constructed
~with a fixed entrance!, the highest total displacement o
the tube at an axial position of 10 TDs was 11.8 dia
eters ~the total arc length traced by that point on t
centerline of the tube over the simulated cardiac cyc!
for the casedm50.12, «50.5. There was an approx
mately linear correspondence between the total displa
ment and bothdm and «. Previous analysis of angio
graphic data showed that coronary arteries are displa
as much as 5 diameters.21 Since the maximum values o
the NWSRA occurred within the first 6 TDs for th
dm50.12, «50.5 case, these results should be indicat
of physiologic coronary artery flow.

These results may also be compared to the two p
viously published studies of flow in curved tubes wi
time-varying curvature. The velocity profile distortion
seen in this study were similar to those observed
Schilt et al.,29 although different values ofdm and« were
employed. Qualitative agreement with the analytical
sults of Lynchet al.18 was observed, but it is importan
to note that their study was limited to low values ofdm ,
« and a. Their analysis predicted that the wall she
stress amplitude due to dynamic curvature would be
the order of 1023 compared to the presence of curvatu
alone. The results presented in this study support
conclusion, since the NWSRA were very small~5% or
less! for the case closest to their simulations (dm

50.03,«50.1!. At the midwall, Lynchet al. predicted a
lower axial mean shear stress, and no change in
azimuthal component. In this study, a higher mean sh
rate was noted at the midwall. In fact, it was at t
midwall where the largest increases in mean wall sh
rate were noted. This difference is likely due to t
increased movement of the tube associated with
higher values of« anda used in this study, and less du
to the change in curvature itself. It should be noted t
since both studies employed the assumption of a N
tonian fluid, the comparison of shear rate to shear st
is valid.

The inclusion of dynamically varying curvature ha
little effect on the shear rate amplitude for the cas
studied here, relative to the quasistatic approach. T
may change as more complex geometries~bifurcations,
multiplanar curvature, etc.! are included. Furthermore
the curvature in this study was varied sinusoidally
time with a frequency equal to that of the cardiac cy
~1 Hz!. Recent data indicate that the variation in curv
ture over the cardiac cycle is not sinusoidal, and t
there are rather swift changes in curvature in systol11

Fourier decomposition of the curvature wave forms co
e

-

d

-

t

r

s

tained in the work of Grosset al.11 shows significant
components with frequencies of up to 6 Hz~not shown!.
Increasing the frequency of curvature variation would
expected to significantly increase the shear rate am
tudes reported here.

There may also be important phenomena associa
with the solid wall stresses in deforming curved tubes
be considered. One would expect rather large strain
occur in the tube wall when the radius of curvatu
varies by 80%. The stresses in a simplified model o
deforming coronary artery were the subject of a rec
study that also tracked atherosclerotic plaq
progression.31 It was found that stresses were 1.5–1
times greater when the flexion angle of a coronary art
model was changed from 10° to 20°. However, t
model used to estimate these stresses did not inc
many of the factors that are known to be important
determining arterial wall stresses, such as nonlinear
chanical properties and residual stresses.8

The study of Steinet al.31 also found that the athero
sclerotic plaques in regions where flexion was grea
progressed more rapidly. Angiographic images of co
nary arteries were evaluated in 33 patients over a pe
of approximately 25 months. The progression of an a
erosclerotic plaque was expressed as the change in
cent stenosis from the initial to the final angiogram. T
average angle of flexion in the region of plaques th
progressed was 19°, as compared to the average ang
flexion in the region of plaques that did not progress,
Whether the progression is due to fluid or solid mecha
cal phenomena remains to be determined. It is likely t
both affect the process to some degree. While the res
of this study indicate that a higher shear rate amplitu
~and possibly more shear rate oscillation! might be found
if the dynamic curvature is taken into account, the si
plifications made in the construction of this model~fixed
entrance, uniplanar curvature, etc.! somewhat limit the
application to thein vivo situation. Again, this study was
initiated to gain a better understanding of the fluid d
namics. It is intended that more physiologic models
constructed in the future.

In summary, a computational model of flow in
curved tube model of the coronary arteries was c
structed whose radius of curvature varied with tim
While the change of curvature was found to be import
based on quasistatic analysis, the dynamic behavior
not found to be significant at the base cardiac freque
of 1 Hz. Future research will be concerned with high
frequency deformation as well as with the inclusion
branch arteries and a pulsatile pressure gradient.
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